Abstract. A log Calabi-Yau pair consists of a proper variety X and a divisor D on it such that K X + D is numerically trivial. A folklore conjecture predicts that the dual complex of D is homeomorphic to the quotient of a sphere by a finite group. The main result of the paper shows that the fundamental group of the dual complex of D is a quotient of the fundamental group of the smooth locus of X, hence its pro-finite completion is finite. This leads to a positive answer in dimension ≤ 4. We also study the dual complex of degenerations of Calabi-Yau varieties. The key technical result we prove is that, after a volume preserving birational equivalence, the transform of D supports an ample divisor.
(1) DMR(X, ∆) has the same dimension at every point.
(2) H i DMR(X, ∆), Q = 0 for 0 < i < dim R DMR(X, ∆). (3) There is a natural surjection π 1 X sm ։ π 1 DMR(X, ∆) . (4) The pro-finite completionπ 1 DMR(X, ∆) is finite.
(5) The cover DMR(X, ∆) → DMR(X, ∆) corresponding toπ 1 DMR(X, ∆)
is the dual complex of a quasi-étale cover (X,∆) → (X, ∆).
Part (1) is a restatements of earlier results; see [Kol11] or [Kol13, 4.40] . The relationship between the rational homology of the dual complex and the coherent cohomology of X has been understood for a long time; thus (2) has been known in many cases. Our main contribution is to understand the connection between the fundamental group of the dual complex and the fundamental group of the smooth locus X sm ⊂ X. The main conclusion is (3) which in turn implies (5). The finiteness ofπ 1 X sm follows from [Xu14, GKP13] ; it is conjectured that π 1 X sm is finite. If dim R DMR(X, ∆) = 1 then DMR(X, ∆) is either the 1-simplex [0, 1] or S 1 . In the latter caseπ 1 DMR(X, ∆) is infinite but usually X sm has only trivial quasi-étale covers.
On a general logCY pair, ∆ contains divisors with different coefficients, but it turns out that DMR(X, ∆) is rather special if not all coefficients are equal to 1.
Proposition 3. Let (X, ∆) be a logCY pair such that ∆ contains at least one divisor with coefficient < 1. Then
(1) either DMR(X, ∆) is contractible (2) or dim R DMR(X, ∆) ≤ dim C X − 2.
It is straightforward to write down examples where DMR(X, ∆) is contractible or a sphere. More generally, at least some quotients of spheres are easy to get; see Section 8. This leads naturally to the following question.
1
Question 4. Let (X, ∆) be a logCY pair of dimension n. Is DMR(X, ∆) ≃ S k−1 /G for some finite subgroup of G ⊂ O k (R) and k ≤ n. (We use ≃ to denote PL-homeomorphism.)
The group action may have fixed points, thus in general DMR(X, ∆) is only an orbifold. LogCY varieties also appear as compactifications of character varieties. In this context, Question 4 is studied in [GT10, Sim15] . We prove the following in Paragraph 34.
Proposition 5. The answer to Question 4 is positive if dim X ≤ 4 or if dim X ≤ 5 and (X, ∆) is a simple normal crossing pair.
In many questions involving Mori's program, the 3 and 4 dimensional cases are good indicators of the general situation. However, the proof of Proposition 5 relies on several special low dimensional topological facts, thus it gives only very weak evidence for the general problem. We do not see any good heuristic reason why the answer to Question 4 should be affirmative. From the technical point of view, at least 3 problems remain to be settled.
• Finiteness of the fundamental group of DMR(X, ∆). We do not know how to prove it but Theorem 2.3 reduces it to the finiteness of π 1 X sm .
1 Many people seem to have been aware of these problems, for instance M. Gross, S. Keel.
V. Shokurov, but we could not find any specific mention in the literature.
• Torsion in the integral homology of DMR(X, ∆). Our methods do not say anything about it.
• Starting in dimension 5 we have to deal with the possibility that DMR(X, ∆)
is singular but X itself has no obvious quasi-étale covers. This seems to us the most likely approach to construct a counter example to Question 4. (1) The general fiber Y t is an n-dimensional Calabi-Yau variety in the strict sense, that is, Y t is simply connected and h i (Y t , O Yt ) = 0 for 0 < i < n. (2) dim D(Y 0 ) = n. This is a combinatorial version of the large complex structure limit or maximal unipotent degeneration conditions.
(Degenerations of
Question 7. Let g : Y → D be a CY-degeneration of relative dimension n satisfying the conditions (6.1-2). Is D(Y 0 ) ≃ S n ?
For n = 2 a positive answer is given by [Kul77] , the general case is proposed in [KS01] . It is easy to see that D(Y 0 ) is a simply connected rational homology sphere but it is not clear that D(Y 0 ) is a manifold. Using Theorem 2, we prove the following in Paragraph 35.
Proposition 8. The answer to Question 7 is positive if n ≤ 3 or if n ≤ 4 and the central fiber is a simple normal crossing divisor.
It is also very unclear which triangulations of a sphere can be realized as dual complexes of logCY pairs. Even special cases seem to be quite hard. A positive answer to the following would be especially nice; together with the methods of [Kol13, Sec.3 .4] it would imply the existence of 4-dimensional log canonical singularities with very complicated links.
Question 9 (Dodecahedron realization problem). Up to isomorphism there is a unique surface pair (S 5 , C 5 ) where S 5 is a degree 5 del Pezzo surface and C 5 is a length 5 cycle of rational curves. One can glue 12 copies of these in a dodecahedral pattern to get a reducible surface D 60 with trivial canonical class.
Is there a simple normal crossing logCY pair (X, D 60 )?
Volume preserving maps
For logCY pairs, volume preserving maps, also called crepant birational maps, form the most important subclass of birational equivalences.
where the p i are proper, birational, crepant morphisms. In characteristic 0 this is equivalent to having a common crepant log resolution. (If the X i are not proper, the above definition still works and defines proper and crepant birational maps. Note that g itself is not proper, so the terminology is somewhat confusing.)
The main requirement is the natural linear equivalence
A proper, crepant birational map g : (X 1 , ∆ 1 ) (X 2 , ∆ 2 ) is called thrifty if there are closed subsets Z i ⊂ X i of codimension ≥ 2 that do not contain any of the log canonical centers of the (X i , ∆ i ) such that g restricts to an isomorphism
If (X, ∆) is logCY then a global section of O X mK X +m∆ determines a natural volume form on X \ Supp ∆, up to scalar. Then a map g : (X 1 , ∆ 1 ) (X 2 , ∆ 2 ) is crepant birational iff it is volume preserving, up to a scalar.
It is important to note that in (10.1) usually one can not choose Y such that ∆ Y is effective, not even if we allow Y to be singular. However, such a choice of Y becomes possible if we allow the p i to be rational contractions. Definition 11. Let X i be normal, proper varieties. A birational map g : X 1 X 2 is called a contraction if g −1 : X 2 X 1 does not have any exceptional divisors. (Note that a birational morphism is always a contraction. For a birational map there does not seem to be a generally accepted notion of contraction; the above definition is natural and quite useful.)
Let g : (X 1 , ∆ 1 ) (X 2 , ∆ 2 ) be a birational contraction that is crepant. Then g * (∆ 1 ) = ∆ 2 and g
The converse is usually not true. However, if the (X i , ∆ i ) are logCY then the linear equivalence (10.2) is automatic and the converse holds.
The following lemma gives several useful ways of factoring a crepant birational map. In the logCY case, a detailed understanding of volume preserving maps is given in [CK15] , which also suggested to us (12.4).
Lemma 12. Given two proper, log canonical pairs (X i , ∆ i ), the following are equivalent.
(1) There is a crepant birational map g : (X 1 , ∆ 1 ) (X 2 , ∆ 2 ). (2) There is log canonical pair (Y, ∆ Y ) and crepant, birational contraction maps
(3) There is pair (Y, ∆ Y ) and crepant, birational contraction maps
where (Y, ∆ Y ) is Q-factorial, dlt and p 1 is a morphism. (4) There are Q-factorial, dlt pairs (X ′ i , ∆ ′ i ) and crepant, birational maps
where the p i are morphisms and φ is a thrifty and crepant birational map.
Proof. Let φ : (X 1 , ∆ 1 ) (X 2 , ∆ 2 ) be a crepant, birational map and E j ⊂ X 2 the exceptional divisors of φ −1 . The discrepancy a(E j , X 1 , ∆ 1 ) equals minus the coefficient of E j in ∆ 2 , thus it is ≤ 0.
By [Kol13, 1.38] there is a Q-factorial, dlt, crepant modification p 1 : (Y, ∆ Y ) → (X 1 , ∆ 1 ) that extracts precisely the E j and possibly some other divisors with discrepancy −1. Then
1 is a crepant, birational contraction map. The proof of (4) is similar. We take a common log resolution 
By our choice of F , (1−ǫ)F −∆ R is effective and its support is F . Thus the extremal rays contracted are always contained in F and the MMP contracts all the divisors contained in F . Note also that (Y ′ , ∆ ′′ ) and (Y ′ , ∆ ′′ + (1 − ǫ)F ) have the same lc centers and they are not contained in
Definition 13 (Dual complex). Let E be a simple normal crossing variety over a field k with irreducible components {E i : i ∈ I}. (Our main interest is in the case k = C but sometimes it is convenient to allow k to be arbitrary.)
A stratum of E is any irreducible component F ⊂ ∩ i∈J E i for some J ⊂ I. The dual complex of E, denoted by D(E), is a CW-complex whose vertices are labeled by the irreducible components of E and for every stratum F ⊂ ∩ i∈J E i we attach a |J| − 1 -dimensional cell. Note that for any j ∈ J there is a unique irreducible component of ∩ i∈J\{j} E i that contains F ; this specifies the attaching map. (The dual complex is a regular ∆-complex in the terminology of [Hat02] .) It is very important for us that crepant birational equivalence does not change the dual complex.
Theorem 14. [dFKX12]
The dual complexes of proper, log canonical, crepant birational pairs are PL-homeomorphic to each other.
Using Theorem 14 our aim is to study the dual complex DMR(X, ∆) of logCY pairs in 2 steps. First we show that (X, ∆) is crepant birational to a "Fano-type" logCY pair. There are several natural ways to define "Fano-type." For our current purposes the best seems to be to assume that ∆ =1 supports a big and semi-ample divisor.
The second step is the study of DMR(X, ∆) in the Fano-type cases. =1 as in Definition 13. In particular, dim X = n and (X, ∆) has maximal intersection iff there are n divisors
If (X, ∆) is dlt then for every stratum W ⊂ X there is a natural Q-divisor 
Reduction steps
We discuss various steps that simplify (X, ∆) without changing the dual complex or changing it in simple ways. The final conclusion is that one should focus on logCY pairs (X, ∆) such that We see in Proposition 20 that every log canonical center dominates Z. Thus, by Lemma 30,
Thus it is enough to consider those logCY pairs whose underlying variety is rationally connected.
Proposition 20. Let (X, ∆) be a dlt logCY pair and g : X Z a dominant map to a non-uniruled variety Z. Then every irreducible component
Proof. We may assume that Z is smooth and projective. Let C ⊂ X be a general complete intersection curve, in particular g is defined along C.
does not dominate Z then we reach a contradiction by proving that
Let Y be the normalization of the closure of the graph of g. Choose ∆ Y such that the first projection (Y, ∆ Y ) → (X, ∆) is crepant. Since g is defined along C we may identify C with its preimage in Y and so
We apply the canonical class formula (21.4) to the second projection π 2 : Y → Z and write 
21 (Kodaira-type canonical class formula). The original formula for elliptic surfaces was further developed by [Fuj86, Kaw98] . The following is a somewhat simplified version of the form given in [Kol07, 8.5 .1].
Let (Y, ∆) be a log canonical pair where ∆ is not assumed effective. Let p : Y → Z be a proper morphism to a normal variety Z with geometrically connected generic fiber
is logCY and (3) K Y +∆ is Q-linearly equivalent to the pull-back of some Q-Cartier Q-divisor from Z. (This seems like a strong restriction but it is easy to achieve by changing ∆.) Let Z 0 ⊂ Z be the largest open set such that p is flat over Z 0 with logCY fibers and set Y 0 := p −1 (Z 0 ). Then one can write
where J and B have the following properties.
(5) J is a Q-linear equivalence class, called the modular part. It depends only on the generic fiber X k(Z) , ∆ k(Z) and it is the push-forward of a nef class by some birational morphism Z ′ → Z. In particular, J is pseudo-effective.
where the supremum is taken over all divisors over Y that dominate D. This implies the following.
(
The strongest reduction assertion is the following, which is a weak form of our main technical result; see Corollary 59 for the general case.
Theorem 22. Let (X, ∆) be a logCY pair. Then there is a volume preserving birational map (X, ∆) (X s , ∆ s ) such that (1) in the maximal intersection case ∆ =1 s fully supports a big and semi-ample divisor and (2) in general there is a morphism q s :
fully supports a big and semi-ample divisor.
23 (Fractional part of ∆). Assume that ∆ <1 = 0. Then, by [BCHM10, HX13] , the (X, ∆ =1 )-MMP terminates with a Fano-contraction q : X r → Z. Note that DMR(X, ∆) ≃ DMR(X r , ∆ r ) by Theorem 14.
If Proposition 25 applies then DMR(X r , ∆ =1 r ) is collapsible to a point and it remains to compare DMR(X r , ∆ r ) and DMR(X r , ∆ =1 r ). In general this seems rather difficult and it can happen that DMR(X r , ∆ =1 r ) is empty yet DMR(X r , ∆ r ) is not. There is, however, one case when the two are closely related.
Assume that ∆ =1 fully supports a big and semi-ample divisor over Z. Then ∆ =1 m fully supports a big and mobile divisor over Z for any dlt modification h : Note also that the simplex σ r is PL-homeomorphic to S r /(τ ) where τ is a reflection on a hyperplane. Thus, as in Example 65, if DMR W, Diff * W ∆ is the quotient of a sphere then so is DMR(Y, ∆).
Basic results on the dual complex
We need two results that connect the topology of D(E) and the algebraic geometry of E. Lemma 26. Let E = ∪ i∈I E i be a proper, simple normal crossing variety over C. Then there are natural injections
Furthermore, if H r ∩ i∈J E i , O ∩i∈J Ei = 0 for every r > 0 and every J ⊂ I then (26.1) is an isomorphism.
Lemma 27. Let E = ∪ i∈I E i be a connected, simple normal crossing variety over C. Then there is a natural surjection
(27.1) Furthermore, if the E i are simply connected then (27.1) is an isomorphism.
In some cases one can describe a dual complex using a fibration and finite group actions as in Theorem 22.2.
28. Let T be a simplicial complex and G a finite group acting on T . Let B(T ) denote the barycentric subdivision of T . If C ∈ B(T ) is a simplex and g ∈ G such that g(C) = C then g also fixes every vertex of C. Thus the G action on B(T ) naturally extends to a simplicial G-action on the topological realization |B(T )|.
The quotient is a regular complex denoted by B(T )/G. There is a natural map |B(T )| → |B(T )/G| whose fibers are exactly the G-orbits on |B(T )|.
Such branched covering spaces are discussed in [Fox57] ; we need the following properties.
(1) There are natural isomorphisms
(2) There is an exact sequence
In particular, if π 1 |T | is finite then so is π 1 |T |/G .
The quotient construction naturally arises for families of simple normal crossing varieties.
Lemma 29. E = ∪ i∈I E i be a simple normal crossing variety and q : E → Z a morphism such that every stratum of E dominates Z. Let z ∈ Z be a general point and E z the fiber over z. Then E z is a simple normal crossing variety and there is a finite group G acting on
Proof. By shrinking Z we may assume that q is smooth on every stratum of E. Then z → D(E z ) defines a locally trivial fiber bundle. Since D(E z ) is a finite simplicial complex, the monodromy of the fiber bundle is a finite group G and
Algebraically minded readers may prefer to think of Lemma 29 as a combination of the next two claims.
Lemma 30. E = ∪ i∈I E i be a simple normal crossing variety over a field k and q : E → Z a morphism. Then the generic fiber E k(Z) is a simple normal crossing variety over the function field k(Z) and
Lemma 31. Let K/k be a Galois extension with Galois group G. Let E k be a simple normal crossing variety over k. Then G acts on
Homology of the dual complex
The following proves (2.2).
Proposition 32. Let (X, ∆) be a logCY pair. Then
Proof. Assume first that X is rationally connected, ∆ = ∆ =1 and [Cam91, KMM92] and
by Serre duality. The long cohomology sequence of the exact sequence
We try to use a similar argument in general; the problem is that, in (32.1), instead of O X (K X ) we have O X (−∆ =1 ) and −∆ =1 is Q-linearly equivalent to K X + ∆ <1 . The presence of the fractional part ∆ <1 and the Q-linear (as opposed to linear) equivalence both cause problems.
Assume next that (X, ∆) is dlt and ∆ =1 fully supports a big and semi-ample divisor M . Note that
thus by vanishing we see that
Using (32.1) these imply that H i ∆ =1 , O ∆ =1 = 0 for 0 < i < n − 1. Finally, by Theorem 14, we are free to replace (X, ∆) with any other logCY pair that is crepant birational to it. We first apply Theorem 22, then Lemmas 29 and 28 to reduce to the already established case when ∆ =1 fully supports a big and semi-ample divisor.
Next we study the top cohomology of the structure sheaf and of the dual complex.
33 (The top cohomology of logCY pairs). Let (X, ∆) be a dlt, logCY pair of dimension n. Then Claim 33.1. Let (X, ∆) = ∪ i (X i , ∆ i ) be a connected, semi-dlt, logCY pair of dimension n. Assume that it has a stratum W ⊂ X of dimension r such that
the r-dimensional strata are crepant birational to each other and (3) dim D(X) = n − r − 1.
Let X = ∪ i∈I X i be a simple normal crossing variety. The cohomology of O X is computed by a spectral sequence whose E 1 terms are
In the bottom row q = 0 we find the complex that computes the cohomology of D(X). Note also that if H dim W (W, O W ) = 0 holds for every positive dimensional stratum then the only term that contributes to
We have thus proved the following.
Next we prove Proposition 5.
(Dimension induction)
. Let (X, ∆) be a dlt logCY pair of dimension n that has maximal intersection and such that K X + ∆ ∼ 0. As we noted in Paragraph 16, the local structure of DMR(X, ∆) is determined by the lower dimensional logCY pairs.
Assume first that (X, ∆) has maximal intersection. Using Paragraph 33 we see that H n−1 DMR(X, ∆), Q = Q hence DMR(X, ∆) is a rational homology sphere. In low dimensions we obtain complete answers to Question 4.
If n = 1 then X = P 1 and DMR(X, ∆) ≃ S 0 . If n = 2 then X is a rational surface and DMR(X, ∆) ≃ S 1 . If n = 3 then DMR(X, ∆) is a 2-manifold that is a rational homology sphere. Thus DMR(X, ∆) ≃ S 2 . If n = 4 then DMR(X, ∆) is a 3-manifold that is a rational homology sphere. The fundamental group of a 3-manifold is residually finite [Hem87] , thus (2.4) implies that the fundamental group itself is finite. By (2.5) the universal cover is a simply connected homology sphere, thus DMR(X, ∆) ≃ S 3 . (This uses the Poincaré conjecture.) Note however that we do not claim that DMR(X, ∆) is the sphere S 3 . Thus, starting with n = 5 we do not claim that DMR(X, ∆) is a manifold.
We can do better if (X, ∆) is a simple normal crossing pair. In this case Theorem 37 implies that DMR(X, ∆) and its links are simply connected. Thus we get that DMR(X, ∆) is homeomorphic to a sphere if dim X ≤ 5. (Conjecturally, PLhomeomorphic to a sphere.)
If n = 6 then DMR(X, ∆) is a 5-manifold that is a simply connected rational homology sphere. Our results say nothing about the torsion group H 2 DMR(X, ∆), Z .
Finally consider the case when (X, ∆) does not have maximal intersection. A similar induction shows that, for dim DMR(X, ∆) ≤ 3, the universal cover is a simply connected manifold, possibly with boundary. Thus DMR(X, ∆) is either a sphere or a ball. 
is a rational homology sphere. Finally, there are natural surjections
We assumed that Y t is simply connected for t = 0, hence
. These imply that π 1 D(Y 0 ) is trivial and so D(Y 0 ) is a simply connected rational homology sphere. For n ≤ 4 this implies that it is homeomorphic to a sphere (conjecturally PL-homeomorphic to a sphere). This completes the proof of Proposition 8.
Fundamental groups of logCY pairs
In this section we study various fundamental groups associated to a logCY pair. It is easy to see that usually X itself is simply connected. It is much more interesting to understand the fundamental group of the smooth locus π 1 X sm and the fundamental group of the dual complex. Note that while the latter is a crepantbirational invariant, the fundamental group of the smooth locus is not; see Example 63.
(General set-up). Let X ⊂ CP
N be a normal, projective variety and D ⊂ X a divisor. Fix a smooth metric on CP N and for 0 D) is snc or dlt then we can form the dual complex D(D) and we have a surjection
Very little is known about this map in general but if D is ample and dim X ≥ 3 then it is an isomorphism for suitable Z by the Lefschetz hyperplane theorem. In this case we can as well assume that Z ⊂ Sing X. Thus we have the following inclusions
and these induce maps on the fundamental groups
Thus if L D is an isomorphism then we obtain surjections
We would like to apply this to (X, ∆ =1 ) for a logCY pair (X, ∆). Typically ∆ =1 is quite negative but Theorem 50 shows that ampleness can be achieved for a suitable crepant birational model (X,∆). Unfortunately (X,∆) is not dlt. We thus have to find a dlt model (X s , ∆ s ) where ∆ The main result of this section is the following.
Theorem 37. Let (X, ∆) be a dlt logCY pair such that dim DMR(X, ∆) ≥ 2.
Then there are surjections
We start with the equality of the last 2 groups.
Lemma 38. Let (X, ∆) be a dlt logCY pair that has maximal intersection. Then
Proof. By [Kol13, 4.40 ] the irreducible components of ∆ =1 are also dlt logCY pairs that have maximal intersection. Thus Proposition 20 implies that they are rationally connected. A proper, rationally connected variety is simply connected by [Cam91, KMM92] , thus Lemma 27 shows that
We next prove a variant of Theorem 37.
Proposition 39. Let (X, ∆) be a dlt logCY pair of dimension ≥ 3. Assume that ∆ =1 fully supports a big and semi-ample divisor and every prime divisor E ⊂ X has non-empty intersection with ∆ =1 . Then there are surjections
Proof. By assumption there is a birational morphism f : X → Y and an ample divisor H on Y such that Supp f −1 (H) = Supp ∆ =1 . Corollary 41 shows that Proposition 40. Let U be a smooth (possibly non-proper) variety, f : U → W a birational morphism and H an ample divisor on W . Assume that dim f −1 (w) ≤ dim U − 2 for every w ∈ W \ H. Let H ⊂ H δ ⊂ W denote a small neighborhood of H (in the Euclidean topology). Then there is a natural isomorphism
Corollary 41. Let f : X → Y be a birational morphism between normal, projective varieties. Let H be an ample divisor on Y such that every prime divisor E ⊂ X has non-empty intersection with f −1 (H). Then there is a natural surjection
sm . By Proposition 40, there is an isomorphism
and the natural injection H 0 δ ֒→ f −1 (H δ ) induces a surjective morphism
. Combining these we get a surjection
Lemma 42. Let f : X Y be a rational contraction between normal, proper varieties. Then there is a natural surjection
Since f is a rational contraction, Ex(f −1 ) has complex codimension ≥ 2 thus
(Proof of Theorem 37).
The plan is to use Theorem 50 to find a crepant birational logCY pair (X,∆) such that∆ =1 fully supports an ample divisor and then use Proposition 39 on a dlt modification of (X,∆). This almost works and there are only two problems: π 1 (X sm ) is not birational invariant and we have to deal with the relative case. In order to deal with the first problem we have to work with a different model to which Proposition 39 does not apply directly. Nonetheless we follow this path and use [dFKX12, Thm.3] to go around the difficulties.
We use Corollary 59 to obtain crepant birational maps 
Thus it is enough to prove that there is a natural surjection 
For both of these, the fundamental group surjects onto the fundamental group of Z * and the kernel is the image of the fundamental group of the fiber. We have already established a surjection between the fundamental groups of the respective fibers, thus we have a surjection
which in turn gives a surjection
It is natural to expect that this factors through π 1 (X sm s ) but, because the definition of the map in (43.5) involves some inverses, we obtain only that every (possibly infinite)étale cover of g −1 (H) comes from anétale cover of a suitable Zariski neighborhood U ⊃ g −1 (H). Now we can use (59.4) to obtain that X s \ U has codimension ≥ 2, thus in fact (43.5) extends to a surjection
Putting all of these together we have a chain of natural surjections
The arguments of Paragraph 36 show the following generalization of (2.5).
Corollary 44. Let (X, ∆) be a logCY pair that has maximal intersection. Then every finite degree covering space of DMR(X, ∆) is the dual complex of a suitable quasi-étale cover of (X, ∆).
It is natural to conjecture that under the assumptions of Theorem 37 π 1 X smand hence also the other 2 groups-are finite, but we have only the following weaker result which proves (2.3).
Proposition 45. Let (X, ∆) be a dlt logCY pair. Then
(1) eitherπ 1 (X sm ) is finite (2) or there is a quasi-étale cover (X,∆) → (X, ∆) and a dominant map q : X Z onto a non-uniruled variety.
In particular, if (X, ∆) has maximal intersection then the groupsπ 1 (X sm ) and π 1 DMR(X, ∆) are finite.
The key result we use is the following local variant.
Theorem 46.
[Xu14] Let (0 ∈ X) be a normal singularity over C that is potentially dlt. (That is, there is a divisor ∆ such that (X, ∆) is dlt.) Then there is a Euclidean open neighborhood 0 ∈ V ⊂ X such thatπ 1 (V \ {0}) is finite.
A formal argument can be used to go from the local to the global situation.
(Local and global fundamental groups)
. Let Y be a compact simplicial complex and C ⊂ Y a closed subcomplex. Set X := Y \ C and let Z ⊂ Y be a nowhere dense closed subcomplex. Assume that every z ∈ Z has a contractible neighborhood U z such that
By repeatedly applying van Kampen's theorem we get the following.
Claim 47.1. The natural map π 1 (X \ Z) → π 1 (X) is surjective and its kernel is generated (as a normal subgroup) by the images of the maps
The same holds for the pro-finite completionπ 1 (X \ Z) →π 1 (X).
Assume now that theπ 1 (V z ) are all finite. Since Y is compact, the images im[π 1 (V z ) →π 1 (X \ Z)] form finitely many conjugacy classes. Thus there is a finite index normal subgroup N ⊂π 1 (X \ Z) such that
be the corresponding cover; it extends to a ramified cover s :X → X.
By construction the mapsπ 1 (Ṽ z ) →π 1 X \Z are all constants whereṼ z denotes the preimage of V z . Using (47.1) forZ ⊂X we obtain the following.
Claim 47.3. With the above notation and assumptions there is a natural isomorphismπ 1 X \Z ∼ =π1 X . Furthermore, a similar isomorphism holds for every finite degree covering space ofX \Z.
(It is quite likely that the analog of (47.3) fails for the topological fundamental group if X is an arbitrary simplicial complex. We do not know what happens if X is an algebraic variety.) Applying this to a complex algebraic variety, we get the following dichotomy which is essentially proved in [GKP13] .
Corollary 48. Let X be a normal variety over C whose singularities are potentially dlt. Then
(1) eitherπ 1 (X sm ) is finite (2) or there is a quasi-étale cover p :X → X such thatπ 1 (X) =π 1 (X sm ) is infinite.
Proof. By [Hir73] there is a Whitney stratification
such that X is (locally in the Euclidean topology) a product along each X i \ X i+1 ; see also [GM88, Part I. Chap.1]. Assume thatπ 1 (X \X i ) is infinite. Let (0 ∈ Z i ) denote a general transversal slice of X along X i \ X i+1 . Then (0 ∈ Z i ) is potentially log terminal, hence, by Theorem 46, every point
Choose a compactificationX ⊃ X and apply (47.3) with C :=X \ X, X := X \ (X i+1 ∪ C) and Z :=X \ (X i+1 ∪ C) to obtain a quasi-étale cover p :X → X such thatπ
We can now replace X byX and apply the above argument with i replaced by i + 1. After n steps we get a quasi-étale coverX
49 (Proof of Proposition 45). Let p :X → X be a quasi-étale cover. Then X ,∆ := p * ∆ is also a dlt logCY pair. If there is a dominant map q :X Z onto a non-uniruled variety then we are in the second case. Otherwise, as we noted in Paragraph 19,X is rationally connected hence simply connected. Thusπ 1 (X sm ) is finite by Corollary 48.
Construction of Fano models
Our main technical theorem says that every logCY pair (X, ∆) with maximal intersection is crepant birational to a logCY pair whose boundary is big. For some applications one needs to know what happens without maximal intersection and it is crucial to have very tight control over the exceptional divisors of the crepant birational equivalence.
Theorem 50. Let (X, ∆) be a Q-factorial, dlt, logCY pair. Then there is a crepant birational map φ : (X, ∆) (X,∆) to a logCY pair and a morphism q :X → Z such that
(1)∆ =1 fully supports a q-ample divisor, (2) every log canonical center of (X,∆) dominates Z,
Note that in general (X,∆) is neither Q-factorial nor dlt.
51 (Outline of the proof). The proof, inspired by [BMSZ15] , focuses on guaranteeing the properties (50.1-2), then we note that (50.3-4) are also achieved. Assume that we have (X,∆) and letH be a q-ample divisor supported on∆ =1 . Then − KX +∆−ǫH is q-ample, thus q is a Fano contraction for the pair − X ,∆− ǫH . It is thus reasonable to hope that we can obtain it using MMP for (X, ∆−ǫH). We do not know what H should be, so we start with pretending thatH =∆ =1 and ǫ = 1.
Step 1. Run the (X, ∆ <1 )-MMP. It ends with a Fano contraction g :
is g-ample. Thus (50.1) holds but we have no information on (50.2).
Step 2. Apply the canonical bundle formula of Paragraph 21 and write
A key point is that (Z 1 , J 1 + B 1 ) behaves very much like a logCY pair. (Conjecturally one can choose a divisor
) is a logCY pair.) Furthermore, (21.10), essentially says that B =1 1 = 0 iff (X r , ∆ r ) has a log canonical center that does not dominate Z 1 . (This actually holds only for suitable birational models.)
Step 3. Repeat
Step 1 for (Z 1 , J 1 + B 1 ) to get Z 1 Z 2 . (In general there are serious technical problems working with pairs (Z, ∆) where ∆ is not known to be effective, but one can do this much.)
Step 4. Show that a suitable birational model of the composite X Z 1 Z 2 satisfies (50.1) and repeat the arguments. At each step the dimension of Z i decreases, so eventually we stop and then (50.1-2) hold.
Step 5. Prove that the properties (50.3-4) also hold.
Definition 52. Given a logCY pair (Y, ∆ Y ) and a dominant morphism q :
A divisor H is called q-ample outside the vertical log canonical centers if its restriction to Y \ ∪ i W i is q-ample where the W i are the vertical log canonical centers.
53 (Proof of Theorem 50). Note that Z =X = X works if (X, ∆) is klt and Paragraph 17 settles the case when DMR(X, ∆) is disconnected. Thus we may assume that Supp ∆ =1 is connected and nonempty. Next we find a logCY pair (X,∆) that is crepant birational to (X, ∆) and a morphism q :X → Z such that (1)∆ =1 fully supports a divisorH that is q-ample outside the vertical log canonical centers, (2) the properties (50.3-4) are satisfied and (3) dim Z is the smallest possible.
(The trivial case Z =X = X satisfies (53.1-2) since any divisor is relatively ample for the identity morphism. Thus such (X,∆) and q :X → Z exist.) We then show that the property (50.2) also holds after some birational modifications.
Note that we only require∆ =1 to fully support a divisor that is q-ample outside the vertical log canonical centers. This property is invariant under birational maps that are isomorphisms outside the vertical log canonical centers (we will have many such maps during the proof). We then have to go from this property to q-ampleness at the end using Lemma 57.
Thus assume that we have (X,∆) and q :X → Z satisfying (53.1-3 
Note that the J-parts are the same by (21.5) and the Q-linear equivalence Note thatH X isq-ample overZ \ B =1 , henceX X is an isomorphism over X \Γ v , thus (50.4) also holds for X ,∆ .
We have used several lemmas during the previous proof.
54 (MMP for (X, J + B)). In general very little is known about MMP for a pair (X, ∆) where ∆ is not effective but this can be done in the special case when K X +∆ is not pseudo-effective and (X, ∆) is a limit of klt pairs.
To make this precise, fix an ample divisor H and assume that there is an effective Q-divisor ∆ ǫ ∼ Q ∆ + ǫH such that (X, ∆ ǫ ) is klt and K X + ∆ ǫ is still not pseudoeffective. Then every step of the (K X + ∆ ǫ )-MMP with scaling of H is also a step of the (K X + ∆)-MMP with scaling of H and the program ends with a Fano contraction q :
The following is essentially proved in [Bir12, HX13] .
Lemma 55. Let (X, ∆) be a Q-factorial quasi-projective dlt pair with a projective morphism f : Lemma 56. Let g : X, ∆ 1 + ∆ 2 → Z be a Q-factorial, relative logCY where the ∆ i are effective. Let φ : X X ′ be a rational map obtained by running a
Proof. It is enough to check this when φ is a single step of the MMP. So assume that φ corresponds to the extremal ray R ⊂ N E(X/Z). Let C ⊂ X be an irreducible curve such that
Assume first that φ is a divisorial contraction that contracts E ⊂ X. We need to show that φ(E) ⊂ Supp ∆ ′ 2 . If this fails then E is the only possible irreducible component of ∆ 2 that meets C, but (C · E) < 0 since C is contracted. This contradicts (C · ∆ 2 ) > 0.
Next assume that φ is a flip. If
and so φ is an isomorphism over
Lemma 57. Let g : (X, ∆) → Z be a Q-factorial, dlt, relative logCY and A a Q-divisor on X. Let Z 0 ⊂ Z be an open subset such that A is g-ample over Z 0 and no lc center of (X, ∆) is contained in g
Proof. Choose m ≫ 1 such that mA is very g-ample over Z 0 . Let H be sufficiently ample on Z and D ∈ |mA + g * H| a general member. Then D does not contain any of the log canonical centers of (X, ∆), hence (X, ∆ + ǫD) is also dlt. By [HX13] it has a relative canonical model (
Lemma 58. Let (Y, ∆) be a Q-factorial dlt pair, C ⊂ DMR(Y, ∆) a closed subcomplex that contains all the vertices and W C ⊂ Y the support of its complement. Then there is a Q-factorial dlt pair (Y C , ∆ C ) and a proper, crepant, birational
2) all the exceptional divisors have discrepancy −1 and
Proof. Note that W C is the union of the strata corresponding to those simplices that are not contained in C.
Assume first that (Y, ∆) is a simple normal crossing pair. Then the process is straightforward. First we blow up the strata corresponding the the maximal dimensional simplices not contained in C, then the strata corresponding codimension 1 simplices not contained in C and so on.
In general, first we take a thrifty resolution (Y 1 , ∆ 1 ) → (Y, ∆) as in [Kol13, Sec.2.5] where ∆ 1 is the birational transform of ∆. Then (Y 1 , ∆ 1 ) is a simple normal crossing pair, thus we can apply the previous argument to get ( 
where ∆ 2 is the birational transform of ∆ 1 . Finally we take a minimal model for (Y 2 , ∆ 2 +E), where E is the exceptional divisor of Y 2 → Y . As in [Kol13, 1.35], this removes the exceptional divisors whose discrepancy is > −1.
In general the pair (X,∆) in Theorem 50 is neither unique nor dlt and for some applications we need a carefully chosen dlt modification.
Start with a projective logCY pair (X, ∆). After extracting divisors with discrepancy −1 we may assume to start with that (X, ∆) is dlt and Q-factorial. Then apply Theorem 50 to get (X,∆) and q :X → Z. Finally let h : (X s , ∆ s ) → (X,∆) be a Q-factorial, dlt, crepant modification that extracts precisely all φ-exceptional divisors and possibly some other divisors with discrepancy −1; see [Kol13, 1.38]. Then ψ := h −1 • φ is a crepant birational map and we obtain the following.
Corollary 59. Every logCY pair (X, ∆) is crepant birational to a Q-factorial, dlt, logCY pair (X s , ∆ s ) with crepant birational maps
that admits a morphism q s : X s → Z such that (1) every log canonical center of (X s , ∆ s ) dominates Z,
fully supports a q s -big and q s -semi-ample divisor, (4) every prime divisor E s ⊂ X s has non-empty intersection with h −1 (∆ =1 ). (5) ψ −1 is a crepant, birational contraction and
The boundary of crepant birational pairs
So far we have studied the dual complex of logCY pairs (X, ∆). Some of the invariance results have their counterparts for ⌊∆⌋ as well.
Theorem 60. Let g : (X 1 , ∆ 1 ) (X 2 , ∆ 2 ) be a proper, crepant birational map of dlt log pairs as in (10). Then 
Examples
Example 61. Start with X 1 = P 1 and ∆ = (0:1) + (1:0). Let τ 1 be the involution (x:y) → (y:x). Set (X n , ∆ n ) := (X 1 , ∆ 1 ) n , τ n the involution (τ 1 , . . . , τ 1 ) and (Y n , ∆ Y n ) := (X n , ∆ n )/(τ n ). Then DMR(X n , ∆ n ) is the boundary of the cube of dimension n, thus PLhomeomorphic to S n−1 while DMR(Y n , ∆ Y n ) ≃ RP n−1 .
Example 62. Let G be a group of order m. It acts on P m−1 by permuting the coordinates. Pick a general plane and move it around by G to get a logCY pair (P m−1 , ∆ m ). The dual complex is the boundary of the (m − 1)-simplex, thus PLhomeomorphic to S m−2 . Next we take the quotient by G. The boundary consists of 1 divisor with complicated self-intersections. It is thus better to take the barycentric subdivision first and then take the quotient. See [dFKX12, Rem.10] on how to do this with blowups to obtain a dlt pair (X m , ∆ m ). The resulting quotient need not be dlt; such examples led to the introduction of quotient-dlt pairs in [dFKX12, Sec.5].
The dual complex of the quotient is S m−2 /G. Note that usually G has fixed points on S m−2 . The only exception occurs when G is cyclic of prime order m = p. In these cases π 1 DMR(X p , ∆ p )) ∼ = Z p .
Example 63. Let A be an Abelian surface and X = A/(±) the corresponding Kummer surface with minimal resolution X ′ . Then X and X ′ are crepantbirational. Note that X ′ is smooth and simply connected while π 1 X sm is infinite. There are similar examples involving only rational surfaces. Start with P 1 × P 1 and an involution τ with 4 isolated fixed points. Set X = (P 1 × P 1 )/(τ ) with minimal resolution X ′ . In this example X ′ is smooth and simply connected while π 1 X sm ∼ = Z/2. This contrasts with the product theorem of [KL09] for Calabi-Yau varieties without boundary divisors.
Example 65. Let (X i , ∆ i ) be two logCY pairs. The product (X 1 , ∆ 1 ) × (X 2 , ∆ 2 ) := X 1 × X 2 , X 1 × ∆ 2 + ∆ 1 × X s is also logCY and DMR (X 1 , ∆ 1 ) × (X 2 , ∆ 2 ) ≃ DMR(X 1 , ∆ 1 ) * DMR(X 2 , ∆ 2 ) where * denotes the join. Thus if DMR(X i , ∆ i ) ≃ S ni /G i then
